The Wigner function of a dynamical infinite dimensional lattice is studied. A closed differential equation without diffusion terms for this function is obtained and solved. We map atom-photon interaction systems, such as the Jaynes-Cummings model, into this lattice model, where each dressed or polariton state corresponds to a point in the lattice and the conjugate momenta are described by the eigenvalues of the phase operator. The corresponding Wigner function is defined by these two conjugate variables in what we name the polariton phase space. We derive a general propagator of the Wigner function, which is also valid for other hybrid models.
I. INTRODUCTION
In one of his books [1] , R. P. Feynman gives an account of a discussion with his father about the nature of emitted light: "Is the photon in the atom ahead of time?... where does it come from? How does it come out?" There is an obvious answer to this question, regarding the way radiation is produced by the motion of charges even at the level of classical physics. But when it comes to photonsa quantum-mechanical notion-this naive question shows the importance of formulating statements about nature in terms of quantities that can be measured. In the quantum world, we have to measure first the (emitted) photon in order to infer that it was produced. Therefore the number of particles is, above all, a quantum observable. Interestingly, we have at least two layers of this discussion that drive our curiosity in the present paper:
(a) For the Jaynes Cummings model of atom-radiation interaction (used as an approximation) Feynman gave the right answer in the sense that the photon is not only produced, but its existence as a particle was caused by the de-excitation of the atom, i.e. one excitation, one photon. This entails the conservation of excitations in the whole quantum system. (b) For the Rabi model of the atom plus radiation (without approximations) the absorption or production of photons is not necessarily in one-to-one correspondence with one jump of the electron upwards or downwards, respectively. Although energy is conserved, the excitation number is not. One has to measure with a photocounter and record the average number of emitted particles and their fluctuations around it; this is the full answer.
Our aim in this work is not to delve more into philosophical matters, but to provide a visualization of the phenomenon stated above, by employing suitable mathematical tools such as a two-dimensional quantum phase space containing the eigenvalue of the phase operator and the number of atomic excitations as variables. This shall be done via quasi-distributions. Several numerical studies of the Rabi model have been carefully carried out [2] and even a proof for the integrability of the Rabi model * jmtorres@ifuap.buap.mx has been reached [3] , but since no analytical solutions are known beyond the rotating wave approximation, a simple description of excitation fluctuations seems to be lacking.
The Wigner function is the tool of choice when it comes to the quantum dynamical description of oscillatory systems in phase space that has been mostly employed with continuous variables such as position and momentum, or time and frequency. Interestingly, conjugate variables can be found also in lattices [4] [5] [6] , where it is advantageous to employ operator methods in order to elucidate dynamical features of tight-binding models [7, 8] . Moreover, peculiar connections [9, 10] between a discrete position operator and the number of quanta of relativistic oscillators motivate further the definition of Wigner functions in lattices made of excitations. These objects have been previously considered for discrete finite systems, for instance in Refs. [11] [12] [13] [14] . A number-phase Wigner function has also been investigated for the harmonic oscillator in the frame of quantum optics [15, 16] . Furthermore, the problem has been investigated in the case of a periodic continuous variable [17, 18] , where the corresponding conjugate variable is infinite but discrete. In [19] different types of states in a lattice and their corresponding phase space were studied, but without taking into account any dynamical process.
In this paper we consider a generalization of Wigner's function to lattices and study the dynamics of two different types of physical models that can be mapped into this lattice. The first type is a tight-binding array modelling photonic crystals, where the position indicates the location of a lattice cell. This can also be connected to spin chains in a one-excitation manifold. The second class of systems which can be mapped onto this lattice are atom-photon interaction models. The most prominent example is a two-level atom modelled by a JaynesCummings Hamiltonian, where the atom-photon dressed or polariton states [20] [21] [22] [23] can be connected to lattice sites with a conjugate periodic continuous variable. The phase space obtained by these two variables will be called polariton phase space. We derive a general propagator of the Wigner function for systems with discrete spectrum, which can also be applied to other atom-photon interaction models, some of which are also discussed in this work. Regarding the mathematical developments of this paper, we show that closed differential equations for the evolution of discrete Wigner functions can be obtained. This allows to infer the shape of a quasi distribution by means of a propagator in phase space. In our view, this is an important extension to the very few known examples where phase space evolves in a simple manner (e.g. bilinear Hamiltonians in x, p); a particular algebraic structure is behind it, but in our case it is related to the discrete translation group, rather than the dynamical algebra of an oscillator. The wider set of operations in ISO(n) was studied in [24, 25] , but to our knowledge no connection with discrete Wigner functions has been provided.
The paper is organized as follows. In Sec. II, we introduce a discrete Wigner function and describe its properties. In Sec. III we discuss the requirements that have to be fulfilled by the Wigner function and what this implies for the semi-discrete phase space. In Sec. IV, we consider the dynamics of a simple lattice model which can also be used to study transport in spin chains. Sec. V is devoted to the study of systems with discrete spectrum and a general propagator for these type of system is introduced. Photon atom models are mapped and discussed in Sec. VI, where we consider the Jaynes-Cummings and the Buck-Sukumar models. We present our conclusions in Sec. VII.
II. THE DISCRETE WIGNER FUNCTION
A straightforward adaptation of the Wigner function [26, 27] for a 1D lattice can be obtained by replacing from the original definition the Fourier transform with its discrete analogue. In the following, we shall elucidate that although there are a number of ways of doing this, all of them can be reduced to the same equivalent principle of correct marginal distributions. Either a half integer lattice or doubling phase space [12, 16, 19] , or an intrinsic spinor structure [28] can be induced in discrete phase space to show the validity of this object. A formulation of the Wigner function in discrete position and periodic momentum space can be written as
where the functions in space and Bloch quasi momentum k are such that
with n ∈ Z and k ∈ [0, 2π]. Accordingly, the position and phase operators can be represented by
and it can be shown that they fulfill the following relations
For later convenience, we also introduce an inversion operator with the properties
After performing position summations or first Brillouin zone integrations, we can see that the definition (1) reduces to probability distributions in the corresponding conjugate variable. In doing this, one is led to the conclusion that n and n should be allowed to take half-integer values, this will be discussed in more detail in Sec. III. We introduce a notation that allows to conceive W as the quantum average of an operator, namelŷ
from which a simple relation follows
or Tr ρŴ for a general mixed state ρ. As an alternative and equivalent definition we introducê
where n, n ∈ 1 2 Z, but restricted to n ± n ∈ Z, and k ∈ [0, 2π). The inclusion of half-integers will be discussed in the next section.
Usually, the evolution of the Wigner function is computed by considering |ψ(t) = U t |ψ(0) , but in the notation above, we may study the evolution of this object by fixing ψ or ρ and lettingŴ vary in time, i.e. in the Heisenberg picture. We have the following differential equation for the operator in the Heiseberg picture ( = 1)
or equivalentlŷ
Note that in (9) the total derivative with respect to time appears on the l.h.s., but for notational convenience and since neither n nor k depend on t, we replace it with a partial derivative with respect to t. Note how the use of the Moyal-Poisson bracket has been avoided in this notation. Sometimes, it is better to employ the explicit forms of N (t), T (t) if the equations of motion allow exact solutions.
III. THE "HALF-EXCITATION" PROBLEM
In this section we consider the problem arising from the doubling phase space points for discrete Wigner functions. This issue has its root in the definition (1) or (8) , where the summation is carried out for terms of the form n ± n . If one considers a bidimiensional infinite space labelled by n and n , the former corresponds to summing in diagonals rotated 45
• from the original lattice. The effect is well known by the community, for instance in [14] the authors recognized this lattice as a "basedcentered cubic" whose size had to be doubled to become "simple-cubic". In [19] the lattice was reindexed in order to account for the doubling of points, but retaining an integer value. In the following we first comment on what we consider the most straightforward way to solve this issue which is to allow half integer values for n and n in (1). We refer to this effect as the "half-excitation" problem. Then, we provide a more general construction which augments the definition of the Wigner function to a spinor matrix, circumventing the use of half-integers. The reader might skip this section without loss of continuity, as in the rest of the paper we consider the definition in (1) for integer lattice points and with quasi-momentum coordinate in the reduced interval [0, π].
A. The half-integer lattice
The need for half-integers in phase space becomes more evident when evaluating the marginals of the Wigner function, which should give the probability density distribution. Integrating over the generalized momentum we obtain the position density distribution as
One can note that there is no redundancy in the domain of integration if the summation is taken over n ∈ 1 2 Z. Using the kernel e 2imk in the previous integral, one can also retrieve all matrix elements of the form n + m|ρ|n − m , where it is evident that elements of the form n|ρ|n + 1 require half integer values to be allowed, as pointed out in [16] . Summing over all lattice points we should get the momentum distribution as
Once more, the sum over n and n has to be carried out over half integers, i.e., n, n ∈ 1 2 Z, but restricted to n + n ∈ Z. The argument in the exponential can be rewritten as 2kn = k(n + n ) − k(n − n ). By defining m = n + n and m = n − n and considering the overlap between position and momentum eigenstates in Eq. (2), one gets
where we have used the completeness relation of the position basis in the last step. Note that here it is important that the sum over n runs over half integer values, otherwise m would run only over even integers and one would not obtain the correct marginal distribution.
Another important and useful property is the completeness of the operators defined in (8) which allows to express any Hermitian operator O with the following expansion
One can easily check that the above expression is valid when considering half-integer values of n and n . It should be stressed however, that although n in W (n, k) can take half-integer values, the values of n ± n in (8) have to be always integer as they label position states that are undefined for half-position or half-excitation.
B. The Wigner function as a spinor matrix
It is possible to define a Wigner function with the correct marginal distributions without introducing a semi integer lattice, or without doubling the position value as in [19] . In case of atomic excitations, such half-integer values are important for coding the coherences of the density matrix, but they also lead to a more abstract interpretation of phase space with positions that stand for "half a photon"; let us solve this problem. We are convinced that our straightforward definition in (1) is already valid for distributions that occupy exclusively even or odd sites on the discrete line. This is not the case for general wavefunctions, so let us extend our definition to a 2 × 2 array of phase space planes. Since the group structure associated with the lattice allows the construction Z ∼ = 2Z ⊗ Z 2 , even integers are a normal subgroup of Z and the remaining part is a trivial binary sum. As a warm up, let us focus on Z 2 alone. Consider a function ψ of only two sites with values ψ 0 , ψ 1 and its finite Fourier transform onto the functions of well-defined paritỹ
The Wigner function W (s, p) has four possible values according to s = 0, 1 and p = −, +. The most general expression that fulfills the right marginals
is the set of sums
where A, B, C are arbitrary real numbers. With appropriate definitions, these relations can be written as
In analogy with this treatment, the definition for Z requires four rows of sums. With two indices s = ±, p = ± we get the needed structure if
where now all terms with even and odd differences are considered in the sums, such as ψ µ ψ * µ−2n and ψ µ ψ * µ−2n−1 . The coefficients A, B, C are fixed by the following marginals
and
with a, d > 0 normalization constants. A straightforward computation of (17) and (18) using (16) leads to the following consistency relations
This is the desired result. From the initially free 12 coefficients we are left with 4 degrees of freedom. See the appendix A for a full computation of marginals. As can be noted, the general use of operatorŝ
will throw us back to the dynamics of (6). In the rest of the paper we shall only use the definition in (6) without the half-integer lattice and with quasi-momentum coordinate in the reduced interval [0, π].
IV. THE TIGHT BINDING CHAIN: A PARADIGMATIC DISCRETE MODEL
A relevant example well described by this model is an XX-spin chain in the one-excitation submanifold and in the limit of infinite number of sites. However, the description for a finite number of sites can be given also by a truncation of the Wigner function considered here. Although our aim in this work is to address atom-field models, we would like to point out that this type of formalism is also useful to study transport in crystals [30] [31] [32] [33] , including spin systems [34] . Furthermore, any tight binding model is susceptible of this treatment, including Anderson models with uncorrelated disorder as well as Harper's model with quasi periodic potentials [35] . Let us investigate the convenience of the formalism with a specific example.
If the Hamiltonian is chosen as a nearest-neighbor homogeneous chain of sites with position operator N and unit couplings, in the appropriate phase convention we may write
The equation of motion (9) becomes
where we have used the properties of translation (3) and inversion operators (5) . Note that this result still involves operations acting onŴ that do not resembleŴ again.
We show now that the second derivative leads to a closed result:
where we have used the identities
that follow from their definitions.
The result in Eq. 22 is reminiscent of the wave equation, but with a discretized double derivative ∆ n and a k−dependent velocity of propagation:
The differential equation for the Wigner function at time t is obtained by computing the expectation value of the expression above (ψ here is static):
The solutions of this equation are superpositions of Bessel functions of any kind m C m J n+m (4t cos(k)), as can be checked from the combination of known recurrences (10.6.1 and 10.6.2 in [36] ). The coefficients C m are determined by the initial condition using J n (0) = δ n,0 . Now that we know that the evolution can be described with wave equations and no diffusion terms, we may infer the transformation of phase space variables by means of propagating pulses. In the continuous limit, n → x, the equation above becomes
whose solutions correspond to the transformation
i.e. a shear transformation in x, k with a modified velocity 2 cos(k). This satisfying result can be checked also by solving the Heisenberg equations of motion for T, T † , N :
The behavior for an initial delta distribution in phase space is predicted by Eq. (28) and shown in Fig. 1 . Further examples are given in the next subsection.
A. Examples in phase space
The Wigner function of position eigenstates can be easily computed from the definition in Eq. (7). One can check that for |n 1 , one obtains W n1 (n, k) = δ n,n1 /2π, which simply represents a vertical stripe in phase space as depicted in Fig. 1 (a) . This contrasts with the definition of [19] , where the stripe is located at twice the position value. The time evolution of such initial state under the influence of the Hamiltonian in Eq. (21) is shown in Fig. (1) (b) , which is plotted for a time t = 20. One can note that for the horizontal line k = π/2, the Wigner function extends to values of n = ±40, well in accordance with Eq. (28) . The node at k = 0 is also displayed.
The case of a quasi-momentum eigenstate can also be evaluated, in this case for the state vector |k 1 the Wigner function is given by W k1 (n, k) = δ(k−k 1 )/2π, i.e., a delta function in the quasi-momentum k. This is due to the fact that one has a continuum of quasi-momentum states. As |k is an eigenstate of the Hamiltonian (21) it remains unchanged under its influence. The Wigner function for the case of k = π/2 is shown in Fig 1 (d) .
Another interesting example is the superposition of two position eigenstates (|n 1 + |n 2 )/ √ 2. For these type of states, the Wigner function takes the form
(30) It is to be noted here the existence of interference fringes that arise exactly in between the two vertical stripes representing the position states. The middle stripe oscillates and, depending the values of n 1 and n 2 , it can be located at half integer values. In 1 (c) we show an example with n 1 = −1 and n 2 = 2.
The analogue in quasi-momentum space is given by the superposition (|k 1 + |k 2 )/ √ 2. For this type of states, the Wigner function is given by
In time, the position of the horizontal lines remains unchanged and only the central stripe will display an interference pattern shifted in time with velocity v = 2(sin k 1 − sin k 2 )/(k 1 − k 2 ).
V. PROPAGATOR OF THE DISCRETE WIGNER FUNCTION
In this section we consider the dynamics of any system with discrete spectrum unbounded from above and below, i.e., a spectrum that can be labeled by n ∈ Z. This general construction will allow us to treat different models later on. With the aforementioned assumptions, the Hamiltonian can be written in diagonal form in its eigenbasis as
Here we have chosen to denote the eigenvectors of the Hamiltonian as |n and we will choose this basis to construct the corresponding Wigner function. The Hamiltonian H can also be expressed as a function of the position operator N . Therefore, a simple differential equation for W can be obtained by using the algebraic properties of commutators:
where it should be noted that neither n nor k depend on time so we use the total derivative with respect to t. In order to deal with the number dependence of H, it is even more rewarding to compute derivatives with respect to k:
In this way, the evolution ofŴ can be directly obtained from the definition of the Heisenberg picture, together with the algebraic properties of Eqs. (4)and (5):
Computing the expectation value of this relation with ψ, together with (34), yields the desired result:
It is rewarding to decompose the initial condition in Fourier modes using a δ function of period π (note that Bloch waves have periodicity 2π, but the Wigner function in (1) has half the period)
with the aim of solving any initial data problem linearly. This will lead to a propagator for the Wigner function. Inserting (37) back into (36) yields
with K(n, k; t) = 1 2π
The propagator K can be shown to be real, as expected from the properties of the Wigner function:
cos {t [ε n+n − ε n−n ] + 2n k} .
(40) This propagator is the main result of this section. One can also check its validity by noting that in the Heisenberg picture, the operatorŴ can be easily evaluated from Eq. (10) aŝ
(41) After taking the expectation value of (41) and using the completeness relation in (11) one obtains the same result as in Eq. (38) , by realizing that
The form of the kernel is valid for any Hamiltonian with unbounded spectrum above and below. We shall see that for an atom-photon model, our kernel (40) can be related to incoherent oscillations. The Jacobi theta function and the possibility of Gaussian factorization arise if the energy is Taylor-expanded in second order in n ± n .
A. Example: superposition of point-like stimuli
We devote this subsection to study the evolution of superposition of position and quasi-momentum states, whose Wigner function is written in Eqs. (30) and (31) respectively. The Kernel derived in this section is particularly helpful to find the time evolution of quasimomentum eigenstates. For the Wigner function in (31) and with the aid of (38) one obtains
The case of a superposition of lattice points is simpler to solve in this case. Here the vertical stripes remain constant in position with a dynamic interference pattern moving in the k direction with velocity v = (ε n1 − ε n2 )/(n 1 − n 2 ).
VI. ATOM-FIELD INTERACTION MODELS: THE POLARITON PHASE SPACE
In this section we identify the dressed states of the Jaynes-Cummings (JC) model (and other atom-field sys-tems) as the position states of the lattice. The connection seems quite natural, as the spectrum is divided into a negative and a positive part. This type of states describe hybrid excitations arising from the combination of a photonic and an electronic excitation, which are also known as polaritons in the literature [20] [21] [22] [23] . Therefore, we will refer to this space as polariton or dressed state phase space.
A. The Jaynes-Cummings model
First we map the JC model to an infinite lattice made of excitation numbers. We work with the JC Hamiltonian [37, 38] describing the interaction between a two-level atom with one mode of the radiation field
The eigenvalues of H can be labeled by an integer n, namely ε n=0 = 0 and
with the dressed states (or polariton states) given by |0 = |0, − and |n = cos θ n ||n| − 1, + + sin θ n ||n|, − , n = 0 (46) where we have employed the shorthand
Furthermore, we have introduced the states
which represent n ph photons in the mode and an excited or de-excited atom for |+ at and |− at respectively. In this case, the points in the lattice correspond to dressed state of the Jaynes-Cummings model. In phase space, those states are represented by vertical stripes as depicted before in Fig. 1 (a) . A product state of the form (48) can always be represented as the sum of two dressed states |n and its negative counterpart. Therefore, the corresponding Wigner function is always formed by two vertical stripes positioned at the n and a central stripe at n = 0 with the interference pattern oscillating with frequency n, similar to the case depicted in Fig. 1 (c) .
A more familiar type of state, which is encountered in many quantum optical examples, is a product state of an atomic state and a coherent state of the field. For the sake of simplicity, we will consider the dynamical behavior in the polariton phase space of a photonic coherent and a de-excited atom, namely the state If the detuning is chosen to be zero, it is not hard to realize that this state takes the simple form
which leads to a Wigner function of the form
with n ± = |n ± n |. For α = 0 this expression reduces to δ n,0 , as the state with an empty cavity and the atom in the ground state is an eigenstate of the model. For large values of |α| 2 , i.e., a large mean photon number, this Wigner function has three Gaussian peaks: two located at positions n = ±|α| 2 and a third one at n = 0 oscillating in k with frequency |α| 2 . This can be realized by replacing the Poissonian distributions in (51) by Gaussian distributions and performing the summation. A particular case for |α| 2 = 50 is plotted in in Fig. 2 with its time-evolved plot at the revival time t r = 2π|α|/g [39] .
One might argue that the product states we have considered so far, cannot be visualized in a simple way in the polariton phase space. The reason is that we have not considered combined states of the atom-field system. This is the case where one can better exploit the phase space we have proposed. In this sense, dressed coherent states [40] are hybrid states of the atom-field system that can be easily depicted in the polariton phase space. In our notation they can be written as
Following the definition in [40] , a second coherent state |α + can be written as (52) in our notation, but with the sum taken over n < 0. The state in Eq. (49) can be written as a sum of two of these states. Its Wigner function appears as a Gaussian bump centered at ±|α| 2 in the polariton phase space as can be noted in Fig. 2 (c) and its time evolution after a revival time in Fig. 2 (d) . It is worth commenting, that we have restricted our analysis of these portraits to the definition in Eq. (1) using only integer values of n, i.e., we have disregarded the halfinteger lattice and in consequence the interval [π, 2π) in the quasi-momentum coordinate. The behaviour is quite similar and can be constructed from the data of our plotted functions. In [19] it was shown that these contributions display oscillations and have been named ghost images [14] .
Diffusion in phase eigenvalue
The diffusion of quasi-momentum eigenstates k = k 0 can be obtained using (40) . The Wigner function in this case is given by
When t → ∞, very strong oscillations cancel out the terms in the sum and the limit of the diffusion is W → 1/2π. The transient effects can be estimated by replacing the sum over n by an integral over x; the stationary phase approximation yields the following caustics
The family of trajectories in phase space are obtained by replacing x * = x(n, k − k 0 ; t) back in Φ. Maxima and minima of W appear according to Φ(x * , n, k; t) = 2qπ for maxima (2q + 1)π for minima.
A simplified form of the trajectories in phase space is obtained in the strong coupling limit g δ, where
Wigner function portraits in the polariton phase space of the Jaynes-Cummings model for an initial eigenstate |n = 100 of the JCM and after the evolution under the influence of the Rabi Hamiltonian. Moderate coupling g/ω = 10 and δ/ω = 1.5 is considered with an interaction times of (a) t = 2/g and (b) t = 2000/g. In (c) t = 0.1/g and (b) t = 0.3/g we have considered strong coupling g/ω = 10 and δ/ω = 1.5.
The relation between n, k, t is
Although the Kernel can not be obtained in closed form for the Jaynes-Cummings system, due to the form of the eigenfrequencies, there are a few atom-interaction models that exhibit linear spectrum and therefore allow exact evaluation of K. We consider some of them in a subsequent subsection, but before that, let us consider the diffusion process arising from the inclusion of counterrotating terms, i.e., the full atom-field interaction model.
B. The Rabi model
In this subsection, we consider the Rabi model, i.e., the Jaynes-Cummings model (JCM) without the rotatingwave approximation. Although, the model has been shown to be integrable [3] with a countable spectrum, here we do not define the polariton space in term of these energies. In this case, we rather study the dynamics of the Rabi model in the polariton phase space induced by the JCM. The Hamiltonian can be written as
The difference with the JCM is the term a † σ + + aσ − , which describes processes of simultaneous creation of a photon and excitation of the atom, and simultaneous annihilation and de-excitation.
In fig. 3 (a) and (b) we present the Wigner functions of an initial eigenstate of the JC model |n = 100 for an interaction time with the Rabi Hamiltonian of t = 2/g and t = 2000/g respectively for a coupling strength of g/ω = 1. It can be noted that even after a long interaction time, the excitations remain bounded and close to the initial values, which is a consequence of a moderate choice of interaction strength, where the rotating wave approximation is no longer valid, but the diffusion is still contained. Analogue portraits are shown in Fig. 3 (c) and (d) for a coupling strength ten times larger and for interaction times of t = 0.1/g and t = 0.3/g respectively. In this case, the interaction is stronger and therefore one gets faster diffusion in excitations. In both cases, it is interesting to realize that the behavior of the diffusion resembles the braid-like patterns obtained in our tight binding model shown in Fig. 1 (b) .
C. The Buck-Sukumar model
The Buck-Sukumar model [41] was motivated in the context of quantum optics as a simple atom-field interaction system with linear energies and therefore perfect revivals of Rabi oscillations. The Hamiltonian at atomic resonance δ = 0 is given by
with the ladder operator given by A = a √ a † a. The eigenvalues are once again linear in n and can be written as ε n=0 = 0 and
with the eigenstates given by |0 = |0, − and |n = cos ϕ n ||n| − 1, + + sin ϕ n ||n|, − , n = 0.
Here one has to use the abbreviation
In terms of our propagator, this can be discussed since the sum can be performed in closed form. From Eq. (60) one can infer that the sums will have two different fundamental frequencies 2ω ± 2g which amounts to a superposition of delta functions and geometric sums. This implies quasiperiodicity in terms of the two aforementioned fundamental frequencies. This will be valid for the evolution of any initial condition.
D. Far off resonant JC model
A simplified version of the Jaynes-Cummings model can be obtained in the far off resonant limit, i.e., δ g.
If this is the case, one can derive an effective Hamiltonian [39, 40] of the form
with ω = ω + δ − g 2 /δ. A major advantage here is that the eigenvalues of H are linear in n and take the form ε n=0 = 0 and
The eigenvectors are simply given by
where we have expressed them in terms of the bare states defined in (48). In terms of the Kernel for this example, one can formulate a similar discussion as in the previous subsection. Here one also obtains a finite number of delta functions and geometric series. The fundamental frequencies are g 2 /δ ± ω and ω .
VII. CONCLUSIONS
We have shown that discrete Wigner functions play an important role in visualizing the dynamics, not only in cavity-QED systems, but also tight binding models such as crystals with evanescent transport and spin chains. For the latter case, we have found a dynamical equation for the Wigner function in the semi-discrete phase space, whose continuum limit corresponds to the wave equation.
We have mapped the eigenstates of the JaynesCummings model into this lattice and studied the Wigner function of relevant states of the field, including its dynamical evolution. Furthermore, we have considered the diffusion process in this phase space under the influence of counter-rotating terms of the atom-field interaction. Although the Rabi model is integrable [3] , it displays rich enough dynamics so as to violate the conservation of excitation number which has been essential in explaining, at the textbook-level, the emission and absorption processes. It should be noted that such a conservation law has been utterly important in the derivation of Markovian master equations describing these phenomena in the context of open quantum systems [42] . However, under certain conditions, a Markovian description might be also too restrictive, therefore it is indispensable to provide appropriate tools in the study of more realistic situations. Moreover we have described the details of the dynamics by a careful computation of quasi-distributions in the phase space of combined excitations. The dynamical behavior of such excitations provides a better intuition on the diffusive process of atom-field systems. As to Feynman's original question, we are sure that in this work we have provided a suitable framework to extend the discussion beyond the usual conservation law. and with this we obtain two contributions in (A1) for n odd and n even: 
These sums can be evaluated in terms of the discrete (full) Fourier transform
by means of the summation formula With this expression we are ready to solve for the coefficients A, B, C as discussed in the text.
